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Epimorphisms of C∗ -algebras are surjective
K. H. Hofmann and K.-H. Neeb
In this note we observe that epimorphisms in the category of C∗ -algebras
are surjective [2]. To show this claim it clearly suffices to prove that epimorphically
embedded subalgebras cannot be proper, and this is what we shall verify.
Definition 1. We say that a subalgebra B of the C∗ -algebra A is epimorphically
embedded if the inclusion morphism B → A is an epimorphism in the category of
C∗ -algebras.
Lemma 2. Let B be an epimorphically embedded subalgebra of A and (pi,H) a
representation of A on a Hilbert space H . Suppose that v ∈ H is a cyclic vector
for A . Then v is also a cyclic vector for B .
Proof. Set K = pi(B)v . We must show H ⊆ K . Now K is a closed subspace
of H which is invariant under B . Let P denote the orthogonal projection onto K
and set U = 1 − 2P . Then U is unitary and U(v1 + v2) = −v1 + v2 for v1 ∈ K
and v2 ∈ K
⊥ .
We define a new representation pi′:A→ L(H) by pi′(x) = Upi(x)U−1 . Since
the subalgebra B commutes with P and thus with U , it follows that pi|B = pi′|B .
The assumption that B is epimorphically embedded now yields pi = pi′ . Hence
U commutes with pi(A) . Thus K , the eigenspace of U for the eigenvalue −1, is
invariant under A . Therefore v ∈ K implies H = pi(A)v ⊆ K .
Lemma 3. Suppose that B is an epimorphically embedded subalgebra of A and
φ and φ′ are two positive linear forms on A with φ|B = φ′|B . Then φ = φ′ .
Proof. Let (pi,H) and (pi′,H′) denote the corresponding representations of A
with the cyclic vectors v ∈ H and v′ ∈ H′ , respectively, satisfying
φ(a) = 〈pi(a)v, v〉 and φ′(a) = 〈pi′(a)v′, v′〉
for all a ∈ A (cf. [1], 2.4.4, p. 32). We first claim that for w = pi(b)v , b ∈ B the
element pi′(b)v′ depends on w but not on the choice of b ∈ B . Indeed suppose that
w = pi(b′)v . Then set c = b′ − b ∈ B . Now pi(c)v = 0 and φ|B = φ′|B implies
0 = 〈pi(c)v, pi(c)v〉 = φ(c∗c) = φ′(c∗c) = 〈pi′(c)v′, pi′(c)v′〉.
Now that the first claim is proved we define unambiguously a linear map
Ψ0: pi(B)v → pi
′(B)v′ by Ψ0(pi(b)v) = pi
′(b)v′.
Using φ|B = φ′|B again we note
〈Ψ0
(
pi(b)v
)
,Ψ0
(
pi(b′)v
)
〉 = 〈pi′(b)v′, pi′(b′)v′〉
= φ′(b′∗b) = φ(b′b∗) = 〈pi(b)v, pi(b′)v〉.
1
Hence Ψ0 is a linear isometry. But by Lemma 2, the subspaces pi(B)v of H
and pi′(B)v′ of H′ , respectively, are dense. Thus Ψ0 extends uniquely to a linear
isometry Ψ:H → H′ .
This provides us with two representations of A on H′ , namely, pi′ and ρ
given by ρ(a) = Ψ ◦ pi(a) ◦ Ψ−1 . This is equivalent to ρ(a) ◦ Ψ = Ψ ◦ pi(a) . We
claim that pi′|B = ρ . To see this, let b, b′ ∈ B . Then
ρ(b)
(
pi′(b′)v′
)
= ρ(b)Ψ
(
pi(b′)v
)
= Ψ
(
pi(b)pi(b′)v
)
= Ψ
(
pi(bb′)v
)
= pi′(bb′)v′
= pi′(b)
(
pi′(b′)v′
)
.
Now the density of pi′(B)v in H′ (established in Lemma 2) implies our claim.
Since B is epimorphically embedded in A , it follows that pi′ = ρ . As a
consequence,
φ′(a) = 〈pi′(a)v′, v′〉 = 〈ρ(a)v′, v′〉
= 〈Ψpi(a)Ψ−1v′, v′〉
= 〈pi(a)Ψ−1v′,Ψ−1v′〉 = 〈pi(a)v, v〉
= φ(a).
This shows that φ = φ′ as asserted.
For a C∗ algebra A let Ah denote the closed vector subspace of hermitian
elements of A .
Lemma 4. Let A be a C∗ -algebra and B a proper closed subalgebra of A . Then
there exist two different positive linear forms φ and φ′ of A such that φ|B = φ′|B .
Proof. (Compare [1], Lemma 11.3.2 and its proof (p. 228).) Since B 6= A we
have an element a ∈ Ah \Bh . By the Hahn-Banach Theorem we find a continuous
linear functional fh on Ah with fh(Bh) = {0} and fh(a) = 1. Now the definition
f(x + iy) = fh(x) + ifh(y) (for x, y ∈ Ah ) extends fh uniquely to a continuous
hermitean linear form f on A with f(B) = {0} and f(a) = 1. By [1] 2.6.4 (p. 40)
there are two positive forms φ and φ′ with f = φ − φ′ . Then φ|B = φ′|B and
φ(a) 6= φ′(a) .
Theorem 5. If a C∗ -subalgebra B of a C∗ -algebra A is epimorphically embedded
then B = A .
Proof. The assertion is a direct consequence of Lemmas 3 and 4.
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